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Abstract: The concept of number, which forms the basis
of mathematics, is also an essential part of mathematics
education. On the other hand, irrational numbers are one
of the number sets that students have the most difficulty
making sense of. In this study, descriptive content analysis
and thematic content analysis (meta-synthesis) methods
were used to determine the current status of qualitative
studies on irrational numbers in Turkey, interpret them
with a holistic perspective, and present systematic
summary information. As a result of the research,
although there are many studies in the national field to
reveal conceptual knowledge about irrational humbers and
to identify misconceptions, the scarcity of reflections on
concept teaching has attracted attention. In addition, it has
been seen that it will be more effective to emphasize the
equivalence of different representations of numbers in
instruction and make instructional designs by focusing on
the fundamental properties of irrational numbers. The fact
that the studies are mainly based on radical expressions, a
form of representation, and few reflections on concept
teaching, reveals the need for studies that deal only with
irrational numbers in learning and teaching processes.
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meta-synthesis, content analysis

Ozet: Matematigin temelini olusturan say1 kavramu,
matematik egitiminin de Onemli bir pargasidir.
Irrasyonel sayilar ise 6grencilerin anlamlandirmada
en ¢ok zorlandigi sayr kiimelerinden biridir. Bu
arastirmada, Tiirkiye’de irrasyonel say1 kavramina
yonelik yapilan nitel ¢alismalarin mevcut durumunu
belirlemek, biitiinciil bir bakis agisiyla yorumlamak
ve sistematik Ozet bilgiler sunmak igin betimsel
igerik analizi ve tematik icerik analizi (meta sentez)
yontemi kullanilmistir. Arastirma sonucunda ulusal
alanda irrasyonel sayilara iliskin kavramsal bilgiyi

ortaya ¢ikarmaya ve kavram  yanilgilarini
belirlemeye yonelik ¢ok sayida c¢alisma yer
almasmna ragmen kavram  Ogretimine  dair

calismalarin azlig1 dikkat ¢ekmistir. Ayrica sayilarin
farkli gosterim bigimlerinin denkliginin 6gretimde
daha fazla vurgulanmasinin ve irrasyonel sayilarin
temel ozelliklerine  odaklanilarak ~ &gretim
tasarimlarinin  yapilmasmin daha etkili olacagi
gOriilmistiir. Yapilan ¢aligmalarin agirlikli olarak
bir gosterim bi¢imi olan kokli ifadeler 6zelinde
olmast ve kavram &gretimine yonelik az sayida
calismanin olmasi, salt irrasyonel sayilari 6grenme

ve Ogretme siirecleri baglaminda ele alan
caligmalara olan ihtiyact ortaya koymaktadir.
Anahtar  Sozciikler: [rrasyonel sayi, matematik

egitimi, meta sentez, i¢erik analizi
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Introduction

Numbers, which form the basis of mathematics (Hossack, 2020), have an important role in
scientific and technological contexts and daily life (Corry, 2015). The concept of number means
“mathematical objects used for actions such as counting, labeling, sorting, coding, measuring,
etc.” (Arglin, Arikan, Bulut, & Halicioglu, 2014, p. 443), while collections of objects, each
element of which is a number, are known as the set of numbers. Due to their importance, the
concept of number and number sets has found a vast place in mathematics teaching programs
(MoNE, 2018a, 2018b; NCTM, 2000). Teaching of number concept starts from pre-school and is
included in the secondary school curriculum with the "numbers and operations™ learning area.
When we look at the mathematics teaching programs (MoNE, 2018a, 2018b; NCTM, 2000), the
teaching of number sets has spread to the curriculum gradually due to the cumulative nature of
mathematics. Accordingly, the teaching of counting numbers, natural numbers, integers, and
rational numbers sets until the eighth grade in the Ministry of National Education [MoNE]
(2018a) mathematics curriculum is handled with different representations. The teaching of
irrational numbers occurs in the eighth grade for the first time.

Number sense, which is at the center of Principles and Standards for School Mathematics
(NCTM, 2000), develops when the individual discovers numbers and establishes relationships
between numbers (Howden, 1989; Sowder, 1992). Number sense, which is a way of thinking
about numbers and the multiple relations between numbers (Sowder, 1992), develops with the
meaning of the number concept and number sets, which is called the "cornerstone" of
mathematics (NCTM, 2000). Since number sets have a strong relationship, the difficulty in
learning any number set will affect all number comprehension. One of the numbers sets that
students have the most problem with is irrational numbers (Arbour, 2012; Fischbein, Jehiam, &
Cohen, 1995).

Looking at the history of mathematics, irrational numbers were first discovered 2500 years ago
(Havil, 2012) with the idea of incommensurability due to trying to calculate the diagonal length
of the unit square with the Pythagorean theorem (a? + b? = c?) (Arcavi, Bruckheimer, & Ben-
Zvi, 1987). Indeed, the most crucial property of irrational numbers is indivisibility. In other

words, irrational numbers emerged from the idea that non-rational numbers could also exist, and
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“numbers that cannot be expressed as the ratio of two integers (Havil, 2012)” or “numbers with a

non-repeating decimal notation (Anatriello & Vincenzi, 2019; Havil, 2012; O'Connor, 2003)”.

There are many studies on irrational numbers in the national literature. Presenting the qualitative
studies on irrational numbers, which is the aim of this research, in the form of a systematic
summary with a holistic view will help determine the need for research on irrational numbers. In
this context, the study problem is "How is the current situation of qualitative studies on irrational
numbers in Turkey?" determined. The sub-problems of the research are as follows:

1. How does qualitative studies’ distribution on irrational numbers in terms of research type,
year, design, study group, and size?

2. How do the qualitative studies on irrational numbers distribute in terms of the subject, the
aim of the study, the teaching method, and the use of theory?

3. How do the results of qualitative studies on irrational numbers distribute in terms of

characterizing the concept and the causes of difficulties?
Method

In this study, descriptive and thematic content analysis methods (meta-synthesis) were used to
determine the current status of qualitative studies on irrational numbers in the national literature.
The descriptive content analysis includes systematic studies in which the general tendencies of
qualitative and quantitative studies on the same subject are evaluated descriptively (Calik &
Sozbilir, 2014). Meta-synthesis, which is used as “evaluation of evaluation (Weed, 2006, p. 6) ",
is a method that involves combining the results of qualitative studies on a specific subject under
common themes (Douglas et al., 2008). The essential point of systematic review in meta-
synthesis studies is to define the inclusion and exclusion criteria from the beginning to limit the
scope of the review (Weed, 2006). The requirements for obtaining the studies examined in this

study are as follows:

i.  To take place in Council of Higher Education Thesis Center and DergiPark databases.
ii.  To bein the field of mathematics education.
iii.  Itis made about irrational numbers and related topics (such as radical expressions).
iv.  To be published by October 2021.
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v.  To have a qualitative research method.
vi.  Be open to online access.
vii.  Include the thesis in the study if there is a thesis and an article belonging to the same

author and review the article if the thesis is not accessible.

In line with the above criteria, the studies were examined under various categories through
irrational numbers and related concepts, and general approaches and tendencies were determined.
Deficiencies that will provide insight into future research have been tried to be revealed, and

systematic analyzes have been presented.
Data Collection

The data of this research consists of 28 studies, 12 theses, and 16 articles published between
2000-2021, focusing on irrational numbers in mathematics education. The distribution of the

types of qualitative research in the national literature is given in Figure 1.

28

16
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ARTICLE MASTER'S PHD THESIS TOTAL
THESIS

Figure 1. Distribution of data used in the study according to research types

To obtain the study’s data, the Council of Higher Education Thesis Center and DergiPark
databases were scanned four times in total, and the scans were ended on 24.10.2021. The
databases were searched with the keywords “irrational number, square root, square root
expression, radical expression, square root number, radical number, pi number, e number.” By
the literature on irrational numbers, each research was examined by preparing a "Data collection
tool form (Table 1)" by both descriptive and thematic content analysis (meta-synthesis). In the
coding process, the themes were arranged in line with the information obtained from the studies

and the main template is given in Table 1.
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Table 1

Data Collection Tool Form

INFO ON THE STUDY

Research Type Article []
Master’s thesis [ ]
Ph.D. thesis [ ]

Year of publication

Title of the study

Author (s)

RESEARCH QUESTION

SUB-RESEARCH QUESTIONS

STUDY GROUP METHOD

Secondary School () Study group size Case Study ()

High School ( ) Action Research ()
Undergraduate ( ) Material Development ()
Graduate () Mixed Methods Research ()
Teachers ()

TEACHING METHOD (If applicable) SUBJECT OF RESEARCH

Concept Cartoons () Real numbers and Complex numbers ()
Realistic Mathematics Education () Real numbers ()

Irrational numbers ()
Radical/Square root expression ()
e and/or T numbers ()

AIM OF THE STUDY THEORY USED (If applicable)

To reveal conceptual knowledge () APOS Theory ()

To design instruction () RBC + C Theory ()

To identify misconception () Concept Image and Concept Definition Theoretical
To review textbooks () Framework ()

To examine teacher knowledge () Object-Process Duality Framework ()

RESULTS FOR CHARACTERIZING THE CONCEPT OF IRRATIONAL NUMBERS

Acceptable Characterizations Incorrect Characterizations

Non-rational number () Non-real numbers ()

Numbers that cannot go out of the root () Radical numbers ()

Numbers that cannot be written in the form of a/b () Numbers whose numerator and denominator are not
Numbers with an approximate value () integers ()

Examples of numbers like V2, V3, 7, ¢ () Examples of numbers like 7, % % 0,9), (3,14) ()

Numbers with non-repeating decimal notation ()

Numbers that involve rational numbers ()
Real numbers ()

Complex numbers ()

Repeating numbers ()

Decimal numbers ()

Numbers that do not have a place on the number line ()

CAUSES OF DIFFICULTIES WITH THE CONCEPT OF AN IRRATIONAL NUMBER

Causes arising from incorrect or incomplete characterizations ()
Causes arising from relationships between number sets and representations ()
Causes arising from the curriculum ()
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Analysis of Data

First, descriptive content analysis was used to analyze the data of this study. Then, thematic

content analysis (meta-synthesis) was used to examine, interpret, and evaluate the qualitative

findings in depth. For descriptive content analysis, data such as the type of research, publication

year, study group, research method were discussed, and descriptive findings were presented.

Based on the data for the meta-synthesis, three main themes were determined by the authors of

this study: “the subject addressed,” “the aim of the study,” and “the results of the studies.”

Explanations on these themes are given in Table 2.

Table 2

Explanations on the Themes and Sub-Themes Created in the Study

Themes Sub-themes Explanations
- Sjr?qlbr:;;nbers and complex Includes studies focusing on real numbers and complex number sets.
O T ) ) ) ) )
%’. § Real numbers Includes studies focusing on rational and irrational number sets.
2 & lrrational numbers Includes studies focusing only on the set of irrational numbers.
2 3 : . Includes studies focusing on radical or square root expressions, which
— & Radical expression .
are one of the ways of representing numbers.
e and/or  numbers Includes studies focusing on examples of irrational numbers.
. . . . Includes studies to identify the study group’s
'§ To identify misconception misconceptions/difficulties and views about the subject.
1z Includes studies to determine the conceptual understanding of the
§ To reveal conceptual knowledge study group about the subject and to examine their conceptual
b knowledge.
= To design instruction Includes studies on teaching the subject addressed.
g To review textbooks Includes studies on the analysis of textbooks on the subject addressed.
2 . Py : ’
= To examine teacher knowledge Inclu(_ies studies on teachers’ or prospective teachers’ knowledge of
teaching mathematics.
%5 . Results for characterizing the Includes studles.mtend for the resul_ts qf the study group regarding the
n D A acceptable or incorrect characterization of the irrational number
£ 5 concept of irrational numbers
22 concept.
[CER7)
= 2 Causes of difficulties with the Includes studies that show why the study group has difficulty with
£ *  concept of an irrational number irrational numbers.

Results

This section is divided into two parts: the findings obtained from descriptive analysis and meta-
synthesis.
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Findings Obtained as a Result of Descriptive Content Analysis

As a result of the descriptive content analysis, conclusions regarding the type of research (Figure
1), year, research design, study group, and size were obtained. In this research, the distribution of
qualitative studies on the concept of irrational numbers in the national literature published

between 2000-2021 across years is given in Figure 2.
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Figure 2. Distribution of studies across years

When Figure 2 is examined, it is seen that qualitative studies on irrational numbers have
increased in the last eight years (n=18) and doctoral dissertation studies (n=2) started in this

period. The distribution of the studies across the qualitative research designs is given in Figure 3.

22
] !

CASE STUDY ACTION RESEARCH

Figure 3. Distribution of studies across qualitative research design

As seen in Figure, case studies (n=22) were generally used in the studies. Apart from these, it is
possible to come across mixed method research (n=3) in which qualitative and quantitative
research methods are used together and studies that make the instructional design (n=2) in the

literature. The distribution of the studies across the study groups is given in Figure 4.
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Figure 4. Distribution of studies across the study group

When Figure 4 is examined, it is seen that the studies were mainly conducted with prospective
mathematics teachers (n=6) and eighth-grade students (n=6). More than one study group was
used in the “other” group studies. Apart from this, in studies aiming to design instruction (n=2),
no application was made with any study group. The distribution of the sizes of the study groups is

given in Figure 5.

9 7
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- | ] - _
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Figure 5. Distribution of study groups across their size

When Figure 5 is examined, it is seen that the size of the qualitative study groups is mostly
chosen between 11-50 (n=9). No study group was used in studies (n=2) aiming to design

instruction.
Findings Obtained as a Result of Meta-Synthesis

The findings obtained as a result of the meta-synthesis were combined under three themes as

“subject addressed,” “the aim of the study,” and “results of the study” (See Table 2).

Findings related to the subject addressed. The distribution regarding the subject

addressed in the studies is given in Figure 6.
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Figure 6. Distribution of studies across the subject addressed

When Figure 6 is examined, it is seen that the majority of studies (n=15) in which radical

expressions (and square root expressions), which are a form of representation of numbers, are the

8
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focal point about the concept of an irrational number. Studies focusing only on irrational numbers
(n=6), studies focusing on irrational number examples such as e and = (n=2), studies dealing with
both rational and irrational numbers under the general title of real numbers set (n=4), and studies

examining real numbers and complex numbers together (n=1) are also included in the literature.

Findings related to the aim of the study. The distribution of the studies across their

aims is given in Figure 7.
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Figure 7. Distribution of studies according to their aims

When Figure 7 is examined, it is seen that studies related to the concept of irrational number in
the national literature are primarily carried out to reveal conceptual knowledge (n=10) and
identify misconceptions (n=9). Studies conducted to design instruction about irrational numbers
or related subjects (n=4), examining teachers’ knowledge of teaching mathematics teachers (n=4),
and reviewing mathematics textbooks (n=1) are also included in the literature.

On the other hand, teaching methods such as realistic mathematics education (Ocakbasi, 2019)
and concept cartoons (Taskin-Giiltekin, 2013) were used in two studies. They were considering
the use cases of theory in studies (n=4), RBC+C theory (Ding, 2018), concept definition-concept
image theoretical framework (Ercire, 2014; Tavsan & Pusmaz, 2020), object-process duality
framework (Ercire, 2014), and APOS theory (Ercire, 2014; Ocakbasi, 2019).

Findings related to results of the study. Finally, when the results of the qualitative
studies on irrational numbers were considered, two sub-themes were determined as "results on
characterizing irrational numbers™ and "results on the causes of difficulties with the concept of an
irrational number" (See Table 2). The results for characterizing irrational numbers are given in
Table 3.
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Table 3

Frequency Table of Findings and Sample Studies for Characterizing Irrational Numbers

Acceptable Sample Incorrect Frequency Sample studies
characterizations studies characterizations
Examples of (Cevikbas & Radical numbers 8 (Cevikbas & Argiin,
numbers like V2, v/3, Argiin, 2017)
T, e 2017)
Non-rational number (Taskin- Repeating numbers 6 (Adigiizel, 2013)
Giiltekin,
2013)
Numbers that cannot (Toluk- Examples of numbers 6 (Temel & Eroglu,
go out of the root Ugar, 2016) like ;, 22,2, (0,9) 2014)
9 7 H Ol ) y
(3,14)
Numbers with non- (Giler, Decimal numbers 2 (Ercire, 2014)
repeating decimal 2017)
notation
Numbers that cannot (Cevikbas & Complex numbers 2 (Toluk-Ugar, 2016)
be written in the Argiin,
form of a/b 2017)
Numbers with an (Adigiizel, Numbers whose 1 (Yigitcan-Nayir,
approximate value 2013) numerator and Erhan, Kostur,
denominator are not Tiirkoglu, &
integers Mirasyedioglu, 2018)
Real numbers (Ercire, Numbers that do not 1 (Ercire, 2014)
2014) have a place on the
number line
Non-real numbers 1 (Yigitcan-Nayir et al.,
2018)
Numbers that involve 1 (Yigitcan-Nayir et al.,
rational numbers 2018)

When Table 3 is examined, it can be seen that irrational numbers are mostly tried to be explained

with numerical examples such as V2, v/3, x, e (n=9), non-rational numbers (n=8), and numbers

that cannot go out of the root (n=8) with correct or acceptable characterizations. In addition, there

are also numbers with non-repeating decimal notation (n=6), numbers that cannot be written in

the form of a/b (n=4), numbers with approximate values (n=3), and real numbers (n=1). On the

other hand, it is seen that irrational numbers tried to be misdescribed, mostly with radical

numbers (n=8), repeating numbers (n=6), and numerical examples such as i, % g (0,9), (3,14)

10
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by the study groups. Incorrect characterizations include decimal numbers (n=2), complex
numbers (n=2), numbers whose numerator and denominator are not integers (n=1), numbers that
have no place on the number line (n=1), non-real numbers (n=1), and numbers that involve

rational numbers (n=1) ideas are also encountered.

The results regarding the causes of the difficulties with irrational numbers can be combined under
three sub-themes: “causes arising from incorrect or incomplete characterizations,” “causes arising
from the relationship between number sets and representations,” and “causes arising from the

curriculum.” The explanations of these sub-themes are given in Table 4.

11
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Table 4

Sub-Themes and Explanations for the Causes of Difficulties with Irrational Numbers

Causes arising from incorrect or incomplete
characterizations

Causes arising from the relationship between
number sets and representations

Causes arising from the curriculum

The inability of the definition of “non-rational
number” to highlight the essential properties of
irrational numbers (Gtiler, 2017)

Perceiving expressions such as 5/0 as irrational as
a result of incorrectly generalizing the definition
of “non-rational number” (Ercire, 2014)

Deficiencies in defining and making sense of
rational numbers, which is a prerequisite for
learning (Giiler, 2017)

Thinking that there is an intersection of rational
and irrational number sets (Temel & Eroglu,
2014)

Not expressing the domain of a and b in the
definition of “numbers that cannot be written in
the form of a/b” or elucidating faulty (Ciftci,
Akgiin, & Soylu, 2015)

Using the same type of numerical examples to

describe irrational numbers (Yigitcan-Nayir et al.,
2018)

Inability to make sense of that numbers with
repeating decimal notation are rational numbers
(Temel & Eroglu, 2014)

Failure to approximate irrational numbers

(Sandir, Ubuz, &Argiin, 2007)

Contemplating of representations as a set of
numbers (Ding, 2018)

Believing that the representation determines the
number of characters (Cevikbas & Argiin, 2017)

Inability to make sense of the equivalence of
different representations of the same number
(Cevikbas & Argiin, 2017)

Consubstantiating the square root expression with
irrational numbers (Ercire, 2014)

Consubstantiating  fraction representation  with

rational numbers (Temel & Eroglu, 2014)

Consubstantiating decimal notation with irrational
numbers (Toluk-Ugar, 2016)

Inability to understand that the quotient of two
integers will always have a finite or repeating
decimal notation (Toluk-Ugar, 2016)

The lack of clarity of the relationship between the
representations in the curriculum (Bakir, 2011)

Perception as the irrational of the numbers 22/7 and
3,14 as a result of the use of rational approaches to

the number of m in teaching (Tavsan & Pusmaz,
2020)

Teachers being limited to the textbook in teaching or
not being aware of the activities in the textbook
(Shabanifar, 2014)

Teaching irrational numbers after square
expressions in the curriculum (Adigiizel, 2013)

root

Concentrating more on square root expressions in the
curriculum (Leylek, 2020) and less time allocated to
irrational numbers (Cevikbas & Argiin, 2017)

Teachers are not aware of the mathematical
properties of the concept or have erroneous
knowledge (Ozkaya, Konyalioglu, & Gedik, 2013)

Ignoring students’ prior knowledge in the transition
between concepts in textbooks (Leylek, 2020)

Failure to place irrational numbers on the number line
as a result of focusing more on operations with
numbers in teaching (Yigitcan-Nayir et al., 2018)

88
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When Table 4 is examined, it is seen that the difficulties with irrational numbers arise from
various causes. Among these, it can be said that the most fundamental cause of the difficulties is
emphasized in the literature that irrational numbers are expressed only as "non-rational numbers”
and the lack of understanding in the knowledge of equivalence of different representations of the

same number.
Discussion Conclusion and Suggestions

This research has been tried to draw the framework of the current situation of qualitative studies
on irrational numbers in Turkey. As a result of the descriptive analysis of this research, which is
thought to shed light on what needs to be done to achieve conceptual understanding, it was seen
that the studies on irrational numbers increased in the last eight years. Still, very few studies
(n=2), especially at the doctoral level. This shows that more comprehensive studies such as

postgraduate theses on irrational numbers should be done in the national field.

Qualitative research is preferred because it allows for the detailed examination of complex issues
and understanding the context in which the subject is addressed (Creswell & Poth, 2018).
Ethnography, phenomenology, grounded theory, case study, and action research patterns can be
used in conducting qualitative research (Creswell & Poth, 2018; Yildirim & Simsek, 2018). Since
it is seen that the case study design (n=22) is mainly adopted in the qualitative studies examined
in this research, it can be said that the studies to be conducted with other qualitative research
designs will contribute to the knowledge in the literature to obtain different perspectives and

detailed understandings on the concept of an irrational number.

Since irrational numbers are involved in the eighth grade for the first time in the mathematics
curriculum (MoNE, 2018a), it is expected that at most eighth-grade students (n=6) will be
selected as participants in the studies examined. In addition, although studies were conducted
with prospective mathematics teachers (n=5), primary school teacher candidates (n=1),
mathematics teachers (n=5), ninth-grade students (n=4), and tenth-grade students (n=1), it is seen
that no study with eleventh and twelfth-grade students. In this case, it can be said that the data
obtained from different study groups will contribute to the expansion of knowledge on irrational

number comprehension.
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Qualitative studies limit the size of the study group as much as possible to have in-depth
information about the problem and thus aim to obtain a large number of data from a small
number of participants (Creswell & Poth, 2018; Yildirirm & Simsek, 2018). Although there is no
standard for the size of the study group, it is recommended to keep the number of participants
small to increase the level of detail, especially in case studies (Creswell & Poth, 2018; Patton,
2015). In the national literature, it is observed that the group sizes of qualitative studies on
irrational numbers are mostly chosen between 11-50 (n=9) and 51-100 (n=7). In this context, it
can be said that there is a need for studies aiming to obtain richer data by choosing a smaller

number of study group sizes.

In this research, although the result of meta-synthesis is a representation of numbers in the
context of irrational numbers, it is seen that radical expressions occur in a large number of studies
(n=15) in the literature. The scarcity of studies focusing only on irrational numbers (n=6) draws
attention. Therefore, it can be said that studies should be conducted in which irrational numbers,

which form an essential part of real numbers, are the focus in the national literature.

Considering the aims of the studies on irrational numbers, although most studies reveal
conceptual knowledge (n=10) and identify misconceptions (n=9), it is seen that solution
suggestions to provide the conceptual understanding and what kind of instructional design should
be made have not been clarified in consequence of these studies. The scarcity of studies on how
to teach the concept of irrational numbers (n=4) both supports this claim and shows that more
studies are needed in this area. Similarly, although learning and teaching theories are essential to
support conceptual understanding (Arnon et al., 2014), it is seen that studies conducted under a
theory framework (n=4) are very few in the literature. In this regard, it can be said that the
answers to the questions “how are irrational numbers structured in the mind of the individual or
how the individual learns irrational numbers” and “how to teach the concept of irrational

numbers” cannot be obtained from the national literature.

When the results of the qualitative studies on irrational numbers are examined, two sub-themes
were determined as "results on characterizing irrational numbers” and "results on the causes of

difficulties with irrational numbers.”. Among the results for characterizing irrational numbers,

numerical examples such as V2, V3, x, e (n=9), non-rational numbers (n=8,) and numbers that
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cannot go out of the root (n=8) are seen as acceptable or correct characterizations. In contrast,

rooted numbers (n=8), repeating numbers (n=6) and numerical examples such as (3,14),?, i,

=, 5 . .. . . . .
(0,9), 5 (n=6) are included in incorrect characterizations. Incorrect characterizations are also one

of the causes for the difficulties experienced in irrational numbers. In particular, the definition of
"non-rational number"” is insufficient to emphasize the basic features of irrational numbers
(Cevikbas & Argiin, 2017), and statements such as 5/0 as a result of the wrong generalization are
perceived as irrational numbers (Ercire, 2014). Parallel to this, the deficiencies in rational number
comprehension, which is a prerequisite for learning (Giiler, 2017), cause both to think that the
intersection of rational and irrational numbers exist (Temel & Eroglu, 2014) and to carry the
difficulties experienced in rational numbers to irrational numbers (Ercire, 2014). On the other
hand, using the same type of number examples in teaching (Yigitcan-Nayir et al., 2018)
negatively affects meaningful learning of the concept of irrational numbers. In this context, some
approaches suggest that decimal notation (Arcavi et al., 1987) or positioning on the number line

(Sirotic & Zazkis, 2007) are more effective in teaching irrational numbers.

The second cause of the difficulties experienced in irrational numbers stems from the relationship
between number sets and their representations. Thinking of representational forms (such as
fractions, decimals, square roots) as a set of numbers (Ding, 2018) and believing that
representation styles determine the character of numbers (Cevikbas & Argiin, 2017) both cause
difficulties in making sense of the equivalence of different representations of the same number
(Cevikbas & Argiin, 2017) and consubstantiating representations with number sets (such as
consubstantiating square root expressions with irrational numbers or fraction representation with
rational numbers) (Ercire, 2014; Temel & Eroglu, 2014; Toluk-Ugar, 2016). To overcome these
difficulties, it is necessary to design teaching environments that allow students to switch between
different representations and present the transition between concepts relationally, as mentioned in
many mathematics curriculums (MoNE, 2018a; NCTM, 2000). Teaching should be planned with
a design in which a rich network of relations will be established instead of mathematical
structures presented separately by ignoring students' prior knowledge (Leylek, 2020). In this
context, support can be obtained from learning and teaching theories such as APOS theory
(Arnon et al., 2014), which was developed specifically for mathematics education and interprets
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how mathematical concepts are structured in the individual’s mind with a relational

understanding.

The last of the causes of the difficulties experienced in irrational numbers stems from the
curriculum. In particular, the reason why irrational numbers are associated with the
representation of square root expressions is that irrational numbers are behind the subject of
square root expressions in the eighth-grade mathematics curriculum (Adigiizel, 2013), more focus
on square root expressions (Leylek, 2020) and less time allocated to irrational numbers (Cevikbas
& Argiin, 2017) can be seen. In other respects, numbers such as 22/7 or 3.14 are perceived as
irrational due to rational approaches to the number of 7 in teaching (Tavsan & Pusmaz, 2020). At
the same time, the fact that the teachers, who are the implementers of the curriculum, are limited
to the textbook in teaching or are not aware of the activities in the textbook (Shabanifar, 2014),
and their incomplete or erroneous knowledge about the mathematical properties of the concepts

also cause student difficulties (Ozkaya et al., 2013).

In summary, there is a need for studies on how the concept of an irrational number is learned and
how to teach it, together with all its components (definition, representations, teaching method,

misconceptions, conceptual understanding).
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Genisletilmis Ozet
Giris

Matematigin temelini olusturan sayilar hem bilimsel ve teknolojik baglamlarda hem de giinlilk
hayatta 6nemli bir yere sahip olmasindan dolayr matematik 6gretim programlarinda genis bir yer
bulmustur. Say1 kavrami 6gretimi, okul oncesi donemden baslamakta ve “sayilar ve islemler”
ogrenme alaniyla ortaokul miifredatinda yer almaktadir. Matematik G6gretim programinda
sekizinci sinifa kadar sayma sayilari, dogal sayilar, tam sayilar ve rasyonel sayilar kiimelerinin
ogretimi farkli gosterim bigimleri ile ele alinmakta ve irrasyonel say1 kavraminin 6gretimi ise ilk
defa sekizinci sinifta yer almaktadir. Say1 kiimeleri, birbiriyle giiglii bir iliskiye sahip oldugundan
herhangi bir say1 kiimesinin 6greniminde yasanan zorluk biitiin say1 kavrayisimi etkileyecektir.
Ogrencilerin en ¢ok zorlandig1 say1 kiimelerinden biri, irrasyonel sayilardir. irrasyonel sayilar
rasyonel olmayan sayilarin da var olabilecegi fikrinden ortaya ¢ikmis ve “iki tam saymin oram
olarak ifade edilemeyen sayilar” veya ‘“sonsuza kadar tekrar etmeyen devirli olmayan ondalik

gosterime sahip sayilar” olarak tanimlanabilir.
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Ulusal alanyazinda irrasyonel sayilar ile ilgili bircok ¢alisma bulunmaktadir. Bu arastirmanin
amaci olan irrasyonel sayilar ile ilgili nitel ¢alismalarin biitiinciil bakis ile sistematik Ozet
biciminde sunulmasi, irrasyonel sayilar ile ilgili yapilacak arastirmalara yonelik ihtiyaclarin

belirlenmesini saglayacaktir.
Yontem

Bu arastirmada, ulusal alanyazinda yer alan irrasyonel sayilar ile ilgili nitel ¢alismalarin mevcut
durumunu belirlemek amaciyla betimsel icerik analizi ve tematik igerik analizi yontemi (meta
sentez) kullanilmistir. Arastirmanin verilerini matematik egitiminde irrasyonel sayilara odaklanan
2000-2021 yillar1 arasinda yaymlanmis 12 adet tez ve 16 adet makale olmak {izere toplam 28 adet
calisma olusturmaktadir. Verileri elde etmek icin Yoktez ve Dergipark veri tabanlari toplam 4
kez taranmis ve taramalar 24.10.2021 tarihinde sonlanmistir. Veri tabanlarinda “irrasyonel say,
karekok, karekoklii ifade, koklii ifade, karekoklii sayi, koklii sayi, pi sayisi, e sayisi” anahtar
kelimeleri ile taramalar yapilmistir. irrasyonel sayilar ile ilgili alanyazin dogrultusunda hem
betimsel hem de tematik igerik analizine (meta sentez) uygun olacak bigimde bir “Veri toplama

aract formu (Tablo 1)” hazirlanarak her bir arastirma incelenmistir.
Bulgular, Sonu¢ ve Tartisma

Bu arastirmada, Tiirkiye’de yapilan irrasyonel sayilara yonelik nitel c¢alismalarin mevcut
durumunun c¢ercevesi ¢izilmeye c¢alisilmistir. Kavramsal anlamanin saglanabilmesi i¢in neler
yapilmasi gerektigine 1s1k tutacagi diisiiniilen bu arastirmada betimsel analiz sonucu, ilk olarak
son sekiz yilda irrasyonel sayilar ile ilgili ¢aligmalarin artis gosterdigi ancak o6zellikle doktora
seviyesinde ¢ok az ¢alisma (n=2) oldugu goriilmiistiir. Bu durum ulusal alanda irrasyonel sayilara

yonelik doktora tezleri gibi kapsamli ¢calismalarin daha ¢ok yapilmasi gerektigini gdstermektedir.

Meta sentez sonucu, ilk olarak irrasyonel sayilar baglaminda sayilarin bir gosterim bi¢imi
olmasina ragmen kokli ifadeler ilgili ¢alismalarin (n=15) alanyazinda ¢ok sayida yer aldigi
goriilmektedir. Salt irrasyonel sayilara odaklanan caligmalarin azlig1 (n=6) ise dikkat ¢ekmektedir.
O nedenle ulusal alanyazinda gercel sayilarin 6nemli bir pargasini olusturan irrasyonel sayilarin

odak noktas1 oldugu calismalarin yapilmasi gerektigi sdylenebilir.
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[rrasyonel sayilar ile ilgili ¢alismalarin hedefleri gdz &niine alindiginda kavramsal bilgiyi ortaya
cikarmaya (n=10) ve kavram yanilgilarini belirlemeye (n=9) yonelik ¢aligmalarin ¢ogunlugu
olusturmasina ragmen bu caligmalar neticesinde kavramsal anlamay1 saglamaya yonelik ¢6ziim
onerileri ve nasil bir Ogretim tasarimi yapilmasi gerektiginin heniiz aydinlatilmadigi
gorilmektedir. Nitekim irrasyonel say1r kavrami 6gretiminin nasil yapilmasi gerektigine iliskin
caligmalarin azligi (n=4) hem bu iddiay1 desteklemekte hem de bu alanda daha fazla calismaya
ihtiyag oldugunu gostermektedir. Benzer sekilde kavramsal anlamanin saglanabilmesi icin
O0grenme ve Ogretme teorileri 6nemli bir destek olmasina ragmen alanyazinda bir teori catisi
altinda yiriitiilen ¢alismalarin (n=4) olduk¢a az oldugu goriilmektedir. Bu hususta “irrasyonel
sayilar bireyin zihninde nasil yapilandirilir veya birey irrasyonel sayilart nasil 6grenir” ve
“irrasyonel sayt kavrami nasil o6gretilir” sorularinin yanitinin ulusal alanyazindan elde

edilemedigi sylenebilir.

Irrasyonel sayilar ile ilgili nitel ¢alismalarin sonuglar1 incelendiginde ise “irrasyonel sayilari
nitelemeye yonelik sonuglar” ve “irrasyonel sayilarda yasanan zorluklarin nedenlerine yonelik

sonuglar” olmak iizere iki alt tema belirlenmistir. irrasyonel sayilar1 nitelemeye yonelik sonuglar
icerisinde V2, V3, T, e gibi say1 drnekleri (n=9), rasyonel olmayan sayr (n=8) ve kok disina
cikamayan sayilar (n=8) ifadelerinin kabul edilebilir veya dogru nitelemeler bigiminde yer aldig1
gortiliirken kokli sayilar (n=8), devirli sayilar (n=6) ve (3,14),%, i, (0,9), % gibi say1 ornekleri
(n=6) hatal1 nitelemeler icerisinde yer almaktadir. Hatali nitelemeler ayn1 zamanda irrasyonel
sayilarda yasanan zorluklarin nedenlerinden biridir. Ozellikle “rasyonel olmayan sayr” taniminin
irrasyonel sayilarin temel 6zelliklerini vurgulamada yetersiz olmasi ve yanlis genelleme sonucu %

gibi ifadeler irrasyonel say1 olarak algilanmaktadir. Buna paralel olarak 6n kosul 6grenme olan
rasyonel sayr kavrayisindaki eksiklikler hem rasyonel ve irrasyonel sayilarin kesisiminin
oldugunu diisiinmeye hem de rasyonel sayilarda yasanan zorluklarin irrasyonel sayilara
taginmasina neden olmaktadir. Diger yandan 6gretimde ayni tip say1 Orneklerinin kullanilmasi,
irrasyonel say1r kavramini anlamli 6grenmeyi olumsuz etkilemektedir. Bu kapsamda, irrasyonel
say1 0gretiminde ondalik gosterimin veya say1 dogrusunda yer belirlemenin daha etkili olduguna

yonelik yaklagimlar bulunmaktadir.
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[rrasyonel sayilarda yasanan zorluklarin nedenlerinden ikincisi, say1 kiimeleri ve gdsterim
bicimleri arasindaki iligkiden kaynaklanmaktir. Gdsterim bigimlerini (kesir, ondalik, karekdk
gibi) say1 kiimesi olarak diisiinme ve gosterim bicimlerinin say1 karakterini belirledigine inanma
hem ayni saymin farkli gdsterimlerinin denkligini anlamlandirmada zorlanmaya hem de
gosterimleri say1 kiimeleri ile 6zdeslestirmeye (karekoklii ifadeler ile irrasyonel sayilar1 veya
kesir goOsterimi ile rasyonel sayilari 6zdeslestirme gibi) neden olmaktadir. Bu zorluklarin
iistesinden gelebilmek icin matematik Ogretim programlarinda da ¢okga deginildigi {izere
ogrencilerin farkli gosterimler arasi gecis yapabilmesine izin verecek Ogretim ortamlarinin
tasarlanmas1 ve kavramlar aras1 gecisin iliskisel bicimde sunulmasi gereklidir. Ogrencilerin 6n
bilgilerinin goz ardi edilerek birbirinden kopuk sekilde sunulan matematiksel yapilar yerine
zengin iligkiler aginin kurulacagi bir tasarim ile 6gretim planlanmalidir. Bu kapsamda matematik
egitimine 6zgii gelistirilen ve matematiksel kavramlarin bireyin zihninde nasil yapilandirildigini
iliskisel bir anlayisla yorumlayan APOS teorisi gibi 6grenme ve Ogretme teorilerinden destek

alinabilir.

[rrasyonel sayilarda yasanan zorluklarm nedenlerinden sonuncusu ise 6gretim programindan
kaynaklanmaktadir.  Ozellikle irrasyonel —sayilarmn  karekoklii  ifade  gdsterimi ile
0zdeslestirilmesinin nedeni, irrasyonel sayilarin sekizinci sinif matematik 6gretim programinda
karekoklii ifadeler konusunun ardinda yer almasi, karekdklii ifadelere daha fazla odaklanilmasi

ve irrasyonel sayilara ayrilan siirenin az olmasi olarak goriilebilir. Ote yandan 6gretimde 7
sayisinin rasyonel yaklasimlarinin kullanilmasi sonucu % veya 3,14 gibi sayilar irrasyonel olarak

algilanmaktadir. Ayn1 zamanda 6gretim programinin uygulayicisi olan dgretmenlerin 6gretimde
ders kitabi ile siirlt kalmasi veya ders kitabindaki etkinliklerin farkinda olmamasi, kavramlarin
matematiksel 6zellikleri hakkindaki bilgilerinin eksik veya hatali olmast da 6grenci zorluklarina

neden olmaktadir.

Ozetle, biitiin bilesenleriyle (tanim, gdsterim bigimleri, dgretim yontemi, kavram yanilgilari,
kavramsal anlama) birlikte irrasyonel say1r kavraminin nasil 6grenildigi ve nasil ogretilecegi

iizerine calismalara ulusal alanyazinda ihtiya¢ duyulmaktadir.

ETIK BEYAN: "Tiirkive'de Yapilan Irrasyonel Sayilara Yonelik Nitel Calismalarmn Icerik

Analizi: Meta Sentez Calismas:” baglikli ¢alismamizin yazim siirecinde bilimsel, etik ve alinti
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kurallarina uyulmus; toplanan veriler tizerinde herhangi bir tahrifat yapilmamistir. Karsilasilacak
tiim etik ihlallerde “Mehmet Akif Ersoy Universitesi Egitim Fakiiltesi Dergisi Yayn Kurulunun”
hi¢bir sorumlulugunun olmadigini, tiim sorumlulugun Sorumlu Yazara ait oldugunu ve bu
caligmanin herhangi bagka bir akademik yayin ortamina degerlendirme igin gonderilmemis

oldugunu taahhiit ederiz.”
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