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Abstract 

Adaptive testing approaches have been used and adopted in many international large-scale assessments (PISA, 

TIMSS, PIRLS, etc.). The shadow test approach, on the other hand, is an innovative testing approach that both 

meets all test specifications and constraints and aims to provide maximum information at the test taker's true ability 

level. The aim of this study is to investigate the effectiveness of four different adaptive testing approaches created 

with shadow test (CAT, 2-Stage O-MST, 3-Stage O-MST, and LOFT) according to the test length and ability 

estimation method. With the Monte Carlo (MC) study in R software, 200 item parameters and 2000 test takers 

were generated under the 3PL model and the results were calculated over 50 replications. The results show that 

CAT, 2-Stage O-MST, and 3-Stage O-MST are quite similar in effectiveness, while LOFT is less effective than 

these techniques. As the test length increases, the measurement precision increases in all different types of adaptive 

tests. Although the EAP method generally presents better measurement precision than the MLE method, at the 

extremes of the ability scale, MLE has been found to present good measurement precision. In the research, it is 

discussed that large-scale assessments can benefit from adaptive testing created with a shadow test approach. 

 

Keywords: computerized adaptive testing, shadow test, on-the-fly multistage testing, linear on-the-fly test 

 

Introduction 

Linear tests have been the most popular way of measuring knowledge, skill, and ability in the field of 

education for centuries. With the advancements in computer hardware and software, Computer Adaptive 

Testing (CAT) has been adopted and used in many applications worldwide, including the Graduate 

Record Examination (GRE), Graduate Management Admission Test (GMAT), and Medical College 

Admission Test (MCAT), as it provides efficient ability estimation and shortens test time (Kirsch & 

Lennon, 2017; Gökçe & Glas, 2018; Khorramdel et al., 2020; Akhtar et al., 2023; Ebenbeck, 2023). 

In linear tests (LT), test takers take all items. A large number of items are needed to obtain effective 

ability estimation from linear tests (Huang et al., 2009). In CAT, on the other hand, individual tests are 

obtained by analyzing the properties of the items by algorithms (Raborn & Sari, 2021). CAT is a 

computer-based test; it can have a fixed or varying length. The test management algorithm presents 

items to the test taker consecutively and adjusts the difficulty of the items to estimate the test taker's 

ability level as the test progresses (Wainer, 1990; Hendrickson, 2007; Choi & van der Linden, 2018; 

Gündeğer & Doğan, 2018). In Computerized Multistage Testing (MST), a group of items called 

"module" is administered to test takers. In MST, the difficulty of the test is adjusted between modules 

according to the answers given by the test taker (Yigiter  & Dogan, 2023). Although there are studies 

showing that CAT is more effective than MST and LT in terms of measurement precision (Patsula, 

1999; Schnipke & Reese, 1999), MST has beneficial aspects for test administration and test takers (Kim 

& Plake, 1993; van der Linden, 2010). 
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It is important to choose a good model with parameters that reflect the characteristics of the items and 

the abilities of the test takers in order to maintain the adaptive test successfully. Item Response Theory 

(IRT) has been successfully operating in its nearly century-old historical development. Many models 

have been developed under IRT models. In addition to the statistical model, the creation of a well-

designed item pool for the attribute to be measured plays an important role in the success of the adaptive 

test. The selection of optimal items at each ability level, updated with a well-designed item pool and a 

successful statistical model, can be defined as a mathematical optimization problem. In current adaptive 

testing algorithms, many methods have been developed as item selection methods, including the 

maximum Fisher information (MFI), the maximum likelihood weighted information (MLWI) 

(Veerkamp & Berger, 1997), the maximum posterior weighted information (MPWI) (van der Linden, 

1998), the maximum expected information (MEI) (van der Linden, 1998), the minimum expected 

posterior variance (MEPV), the Kullback-Leibler (KL) divergency criterion (Chang & Ying, 1999), the 

posterior Kullback-Leibler (KLP) criterion (Chang and Ying, 1996), the global-discrimination index 

(GDI) (Kaplan et al., 2015).  MFI criterion can work successfully in a simple adaptive test where only 

the item selection from the item pool is based on the amount of information criterion. However, as the 

number of test specifications and constraints increases in item selection from the item pool, the number 

of combinations increases rapidly in item selection. Therefore, the complexity of the solution gap in the 

MFI criterion can make things unsolvable. When the test specifications and constraints such as different 

contents, item types, word count, expected response time, common stem items, enemy items (items 

where one item indicates the solution of another item due to the similarity of their content), word count, 

answer key distribution are considered together, the combinatorial complexity of the problem increases 

rapidly with each additional constraint. Under such a set of constraints, it is necessary to check each of 

the possible solutions until the information criterion has the largest value. Also, considering that the test 

termination rule will end with an incomplete test, there is no guarantee that the test taker will be 

presented with a test that meets all the constraints (van der Linden, 2022). 

The basis of this mathematical optimization problem in adaptive tests is discrete optimization, which 

requires items to be found in order. Instead of discrete optimization that selects items one by one in each 

ability estimation, test forms that meet all test specifications and constraints can be created with a mixed 

integer programming (MIP) methodology that combines a fixed test form. In adaptive testing, Shadow 

Test Approach has come to the fore with the idea of offering test-takers a test that meets all test 

specifications and constraints (van der Linden & Chang, 2003). 

 

CAT with Shadow Test Approach 

The idea behind the shadow test approach is to create a test that both meets all test constraints and offers 

maximum information at the test taker's true ability level. The shadow test is obtained by assembling a 

full-length test that satisfies all the constraints set by the algorithm. When a shadow test is created, the 

item to be administered to the test taker is the item with the most information.  In addition, each shadow 

test is assembled in such a way that the information function at the interim ability level has the maximum 

value, and the item to be selected from the shadow test and applied to the test taker has the maximum 

contribution to this function (van der Linden, 2009). Each subsequent shadow test also includes all items 

that have already been implemented by the test taker. Therefore, the final shadow test is true adaptive 

testing and always satisfies all constraints. The basic structure of the shadow test approach is shown in 

Figure 1.  
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Figure 1. 

Basic Structure of the Shadow Test (van der Linden, 2022) 

 

 

 

In Figure 1, the horizontal axis of the graph shows the position of the items in the test; the vertical axis 

represents the ability level that is updated after the implementation of each item. The higher the vertical 

position of the shadow tests, the higher the current ability estimation. Towards the end, the convergence 

of the positions of the shadow tests represents that the final ability estimation has become stable. The 

red part of the shadow test represents the items answered by the test taker. The gray part represents the 

part of the ability estimation that is reassembled after a new update (taking into account the items in the 

red part). The final shadow test includes all of the items actually taken by the test taker (van der Linden, 

2009). Different adaptive testing approaches emerged by assembling the freeze-refresh mechanism 

introduced by van der Linden and Diao (2014) and shadow test at different item locations. 

 

Freeze-Refresh Mechanism and Different Adaptive Testing Approaches 

The original shadow test approach is based on reassembling the shadow test at every θ ability update. 

However, it is stated that instead of a new test assembly after each item, test assembly can be performed 

at predetermined item locations of the test. With this freeze-refresh mechanism, which was first 

introduced by van der Linden and Diao (2014), different adaptive testing approaches can be obtained by 

adjusting the test adaptation points to different item positions. Some adaptive testing approaches that 

can be obtained by changing the adaptation points according to the locations of the items are shown in 

Figure 2. 

 

Figure 2. 

Different Adaptive Testing Approaches with Freeze-Refresh Mechanism 
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Figure 2 shows that different adaptive testing approaches can be obtained by reassembling the shadow 

test at different adaptation points on a test consisting of 10 items. Here, the letter "S" in the red box 

means that the shadow test was reassembled at those item positions and can be referred to as the 

"adaptation point".  In the “0” item positions shown in the gray box, it indicates that the test is frozen 

(the shadow test is not reassembled) (Choi & van der Linden, 2018). These test approaches, hybrid 

adaptive tests can be created with the freeze-refresh mechanism. The four different approaches created 

by the freeze-refresh mechanism and discussed in this study are as follows; 

     • CAT is a fully adaptive test in which the shadow test is reassembled at each item position; 

     • 3-Stage O-MST (3 Stage On-The-Fly Multistage Testing) is a three-stage adaptive test in which the 

shadow test is reassembled at three specified item positions (item positions 1, 4, and 8); 

     • 2-Stage O-MST (2 Stage On-The-Fly Multistage Testing) is a two-stage adaptive test in which the 

shadow test is reassembled at two specified item positions (item positions 1 and 6); 

     • LOFT (Linear On-the-Fly Testing) is a uniquely created fixed test that is brought together at the 

test taker's initial ability level (Choi & van der Linden, 2018). 

 

Ability Estimation 

Many different methods have been developed in the estimation of a test taker's ability in IRT. Frequently 

used ability estimation methods can be listed as Maximum Likelihood Estimation (MLE) (Birnbaum, 

1968), Weighted Likelihood Estimation (WLE) (Warm, 1989), Marginal Maximum Likelihood 

Estimation (MMLE) (Bock & Aitkin, 1981), Expected a Posteriori (EAP) (Bock & Aitkin, 1981) and 

Maximum a Posteriori (MAP) (Samejima, 1977; Embretson & Reise, 2000). 

The MLE method efforts to get the θ value that maximizes the likelihood function. In cases where the 

test taker's responses to the items are independent of each other, the product of the response probabilities 

is defined as the likelihood function, and the point at which this function reaches its maximum is 

estimated as the ability level. The likelihood function is shown in Equation 1. 

 

                                                 𝐿(𝑢|𝜃) = ∏ 𝑃𝑖(𝑢𝑖|𝜃)𝑢𝑖 ∗ 𝑄𝑖(𝑢𝑖|𝜃)(1−𝑢𝑖)

𝑛

𝑖=1

                                                      (1) 

 

In Equation 1, u represents the response vector. 𝑃𝑖(𝑢𝑖|𝜃) indicates the probability that the test taker will 

correctly answer item i at ability level 𝜃. 𝑄𝑖(𝑢𝑖|𝜃)  is equal to 1-𝑃𝑖(𝑢𝑖|𝜃). n represents the number of 

items. The value at which this likelihood function is maximum is estimated as the test taker's ability 

level (𝜃). Ability level (𝜃) is solved by iterative methods by taking the derivative of the likelihood 

function given in the above equation. The most common method used for this purpose is the Newton-

Raphson method (Wang & Vispoel, 1998). 

The EAP method, on the other hand, is one of the Bayesian ability estimation methods that utilize a 

priori distributions in ability estimation. Its general formula is shown in Equation 2 (Borgatto et al., 

2015): 

                                             𝐸𝐴𝑃 (𝜗) = 𝐸(𝜗|𝑢) =
∫ 𝜗 ∗ 𝐿(𝜗|𝑢) ∗ 𝑓(𝜗)𝑑𝜗

𝑅

∫ 𝐿(𝜗|𝑢) ∗ 𝑓(𝜗)𝑑𝜗
𝑅

                                                (2) 

 

In the equation, 𝑓(𝜃) is the prior distribution function and 𝐿(𝜃|𝑢) is the likelihood function. In the EAP 

method, the prior distribution of ability levels must be known. If the a priori distribution is incorrect, the 

EAP may estimate ability parameters incorrectly (Embretson & Reise, 2000). While the MLE method 
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is an iterative method, the EAP method is not. Therefore, ability estimations can be obtained faster with 

EAP. 

Choi, Moellering, Li, and van der Linden (2016) compared CAT, O-MST, and a hybrid method 

combining these two methods using the freeze-refresh mechanism. In this study, the authors generated 

the parameters of the item pool consisting of 1000 items, assuming that they reflect a real case.  The 

results are quite similar for all three approaches. The researchers concluded that the freeze-fresh 

mechanism works quite successfully, especially when there are common stem items and test constraints 

that need to be met, and there is no significant decrease in the measurement accuracy of the test. 

Zheng and Chang (2015) compared CAT, O-MST, and F-MST in terms of measurement accuracy. In 

the study, a real item pool of 352 items from a large-scale assessment was used. The results of this study 

indicate that CAT and O-MST offer very similar measurement precision and that these two methods 

offer better measurement precision than F-MST. 

van der Linden and Diao (2014) compared five different testing approaches, namely CAT, hybrid CAT, 

O-MST, F-MST, and LT, with real data sets by simulation. The results of this study show that LT is the 

least efficient, followed by F-MST. The other approaches, namely CAT, hybrid CAT, and O-MST, are 

reported to be approximately equally efficient. 

Han and Guo (2014) propose an O-MST design that does not include pre-combined test modules and 

combines a new module on the fly at each stage. The researchers compared the CAT, F-MST, and O-

MST designs. The 1-3-3-MST design produced similar measurement accuracy results with the newly 

developed O-MST design at low iteration shaping, while the new O-MST design produced better 

measurement accuracy results than F-MST when the number of iterations increased to 100. CAT 

produces better measurement accuracy than both methods. 

Choi and van der Linden (2018) compared the O-MST, which they created using the shadow test 

approach, with the MST and fixed linear test designs. They concluded that although the measurement 

accuracy obtained from the O-MST is slightly lower than the CAT, it is better than the fixed linear test. 

 

Purpose of the Study and Research Questions 

The purpose of this study is to examine the effectiveness of different adaptive testing approaches created 

with shadow test according to test length and ability estimation methods. Since the test lengths and 

ability estimation methods that will be discussed in this study have not been included in any previous 

study; it is thought that this study will contribute to the development of new approaches. For this 

purpose, the main research question is: 

How does the measurement precision of different adaptive testing approaches change according to 

different test lengths and different ability estimation methods? 

According to the main purpose of the study, the three sub-research questions examined in order to 

examine this research question in detail are as follows: 

     1. How does the measurement precision change if different adaptive testing approaches (CAT, 3-

Stage O-MST, 2-Stage O-MST, LOFT) are used in the adaptive testing approach? 

     2. How does the measurement precision change if the different fixed-test lengths (20, 30, 40) are 

used in the adaptive testing approach? 

     3. How does the precision of measurement change if different ability estimation methods (MLE, 

EAP) are used in different adaptive testing approaches? 

 

Method 

In this study, Monte Carlo (MC) simulations were performed to compare different adaptive testing 

approaches (Harwell et al., 1996). MC is a simulation method used to analyze the behavior of statistical 
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models. In this method, the computer generates data according to probabilistic distributions and allows 

a comparison of the outputs from the model(s) (Sigal & Chalmers, 2016). In the research, a simulation 

study was carried out by changing the conditions of four different adaptive testing approaches (CAT, 2-

Stage O-MST, 3-Stage O-MST, and LOFT), three different test lengths (20, 30, and 40) and two 

different ability estimation methods (EAP and MLE). All conditions are crossed with each other. 

Therefore, in this study, 4x3x2=24 conditions were examined. Analyzes were performed by making 50 

replications for each condition. 

 

Data Generation 

The R program was used to generate the data and the "TestDesign" package in R was used for the 

analysis (Choi et al., 2022). Within the scope of the research, the parameters of 200 items were generated 

based on the 3PL model considering the distributions suggested in the literature (Feinberg & Rubright, 

2016; Mooney, 1997; Bulut & Sünbül, 2017). Item discrimination parameters were obtained from 

𝑎~𝑙𝑛𝑁 (0.2, 0.3) log-normal distribution, item difficulty parameters were obtained from 𝑏~𝑁 (0, 1) 

normal distribution, and item prediction parameters were obtained from 𝑐~𝐵𝑒𝑡𝑎 (5, 16) beta distribution. 

Ability parameters were produced from the normal distribution 𝑏~𝑁 (0, 1), with 2000 test takers. In 

addition, assuming that the item pool of the test will consist of three different contents, the item pool is 

randomly divided into three different content: Content 1 40 items (20%), Content 2 100 items (50%), 

and Content 3 60 items (30%). Descriptive statistics on item parameters and test taker parameters are 

shown in Table 1.  

 

Table 1  

Descriptive Statistics of Item and Ability Parameters 

 

Parameter N Mean Sd Min Max 

a 200 1.36 0.24 0.87 1.93 

b 200 -0.06 1.07 -2.86 2.81 

c 200 0.24  0.08 0.07 0.49 

Theta 2000 0.00  1.00 -3.11 2.96 

 

Simulation Conditions 

There are conditions that are varied in different adaptive tests created with the shadow test approach. 

The details of these conditions are explained in the sub-headings below. 

 

Starting Rule 

In adaptive testing, the test taker's starting level must be determined before the test can be started. If 

some information about the test takers is available, it can be used as a starting rule. This information can 

be students' information (previous course scores, graduation scores, student point average, etc.) or the 

average of the population (Wang & Vispoel, 1998; Stafford et al., 2019). Since this research was 

conducted with the simulation and since the population was produced from a normal distribution, the 

initial ability level was determined as 𝜃=0 for all participants. 

 

Item Selection 

Many item selection methods have been developed in adaptive testing approaches with shadow test, 

especially Maximum Fisher Information (MFI), Maximum Posterior Weighted Information (MPWI), 

Goal Fisher Information (GFI), Full Bayesian (FB), Empirical Bayes (EB). In this study, the MFI 
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method, which maximizes the amount of information at the interim ability level, was used (Choi et al., 

2022). 

 

Content Balancing 

In this study, it was assumed that the item pool consisted of three different contents. Content 1, Content 

2, and Content 3 are comprised of 40, 100, and 60 items, respectively (20%, 50%, and 30%, 

respectively). The contents of the items were determined randomly. The number of items obtained from 

the contents according to the test lengths is presented in Table 1. In all different adaptive testing 

approaches, the content distributions given in Table 2 are limited. The number of items that will come 

from the contents is determined according to their percentages. In Table 2, the content distributions of 

the adaptive tests according to the test lengths are given. 

 

Table 2  

Distribution of the Number of Items to be Obtained from the Contents 

 

Content 
Test Length 

20 30 40 

Content 1 (%20) 4 6 8 

Content 2 (%50) 10 15 20 

Content 3 (%30) 6 9 12 

 

Automated Test Assembly Method 

There are many methods used for automated test assembly (glpk, lpSolve, lpsymphony, gurobi, etc.). In 

this study, the “glpk” (Theussl et al., 2019) method was used for automated test assembly. 

 

Freeze-Refresh Mechanism Item Positions 

In computerized adaptive tests created with shadow tests, the item locations where the shadow tests are 

reassembled and re-presented to the participant student in the freeze-refresh mechanism should be 

determined.  The item locations where the shadow tests are reassembled are given in Table 3. 

 

Table 3 

Item Positions in which Shadow Tests Reassembled 

 

Adaptive Test 

Approach 

Test Length 

20 30 40 

CAT All item position All item position All item position 

3-Stage O-MST 1., 8. and 14. 1., 11. and 21.  1, 14 and 28.  

2-Stage O-MST 1. and 11. 1. and 16. 1. and 21. 

LOFT Only 1. Only 1. Only 1. 

 

Ability Estimation Method 

In computerized adaptive testing, the method of ability estimation should also be determined. In this 

study, EAP and MLE methods were used for ability estimation. 
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Termination Rule 

Fixed test length, minimum or maximum test length limit, and standard error threshold methods can be 

used as termination rules in adaptive test applications with shadow test (Choi et al., 2022). Since the LT 

and O-MST methods were fixed-length tests in this study, “fixed test length” (20, 30, or 40 depending 

on the condition) was used for all different adaptive testing as the termination rule. 

 

Data Analysis 

In this study, 50 replications were performed for each of the 24 different conditions. The relationships 

between the true and estimated ability parameters obtained from different adaptive test designs for each 

condition were interpreted by calculating the Pearson Correlation coefficient, Root Mean Square Error 

(RMSE), and Mean Absolute Error (MAE) values. The formulas for correlation, RMSE, and MAE 

values are given below. 

 

                                                    𝐶𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 =
∑ (𝜃𝑖̂ − 𝜃𝑖̅

̂ )(𝜃𝑖 − 𝜃𝑖̅)
𝑛
𝑖=1

(𝑛 − 1)𝑆𝜃𝑖̂
𝑆𝜃𝑖

                                                        (3) 

 

 

                                                              𝑅𝑀𝑆𝐸 =  √
∑ (𝜃𝑖̂ − 𝜃𝑖)2𝑛

𝑖=1

𝑛
                                                                    (4) 

 

 

                                                                 𝑀𝐴𝐸 =
∑ |𝜃𝑖̂ − 𝜃𝑖|𝑛

𝑖=1

𝑛
                                                                          (5) 

 

The 𝜃𝑖 in the formulas represents the true ability level of the participants, and (𝜃𝑖̂) the estimated ability 

level. (𝜃𝑖̅) and (𝜃𝑖̅
̂  ) denote the mean of the true and estimated ability levels respectively, 𝑆𝜃𝑖

 and 𝑆𝜃𝑖̂
  

denote the standard deviation of the true and estimated ability levels respectively, and n denotes the 

sample size. 

Codes were written by the researchers in the R to calculate correlation, RMSE, and MAE values 

according to the conditions. In addition, RMSE and MAE graphs were created to compare the 

effectiveness of different adaptive testing approaches according to their ability ranges. 

 

Results 

In this section, the findings of the research are given. First of all, the results of the research were 

examined in a general framework according to all conditions; then the results obtained for each sub-

problem of the research were presented under sub-headings. The correlation, RMSE, and MAE values 

calculated for each of the 24 simulation conditions examined in the study are shown in Table 4. 
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Table 4  

Overall Results from All Conditions 

 

Ability Estimation 

Method 
Test Length Adaptive Test Type Correlation RMSE MAE 

EAP 

20  

CAT 0.938 0.350 0.275 

3-Stage O-MST 0.935 0.358 0.283 

2-Stage O-MST 0.931 0.367 0.289 

LOFT 0.913 0.410 0.322 

30 

CAT 0.956 0.297 0.234 

3-Stage O-MST 0.953 0.305 0.241 

2-Stage O-MST 0.951 0.313 0.246 

LOFT 0.935 0.357 0.277 

40 

CAT 0.965 0.266 0.211 

3-Stage O-MST 0.962 0.274 0.216 

2-Stage O-MST 0.961 0.280 0.221 

LOFT 0.947 0.325 0.251 

MLE 

20 

CAT 0.937 0.381 0.297 

3-Stage O-MST 0.932 0.398 0.309 

2-Stage O-MST 0.927 0.409 0.317 

LOFT 0.904 0.450 0.346 

30 

CAT 0.955 0.318 0.25 

3-Stage O-MST 0.950 0.336 0.261 

2-Stage O-MST 0.947 0.346 0.268 

LOFT 0.928 0.395 0.301 

40 

CAT 0.963 0.283 0.223 

3-Stage O-MST 0.961 0.295 0.229 

2-Stage O-MST 0.958 0.309 0.238 

LOFT 0.940 0.363 0.271 

Note. CAT = Computerized Adaptive Testing, O-MST = On-the-fly Computerized Multistage Testing,  

LOFT = Linear On-The-Fly Test, EAP = Expected a Posteriori, MLE = Maximum Likelihood Estimation. 

 

When Table 4 is examined, it is seen that EAP, one of the ability estimation methods, presents good 

measurement precision (high correlation and low RMSE-MAE) compared to MLE in all conditions. In 

all conditions, the measurement precision increases as the test length increases.  

CAT provides the best measurement precision in all conditions. While CAT is followed by 3-Stage O-

MST and 2-Stage O-MST, respectively, LOFT is seen to be in the last sequence in all conditions. In 

addition, it can be said that while CAT, 3-Stage O-MST, and 2-Stage O-MST have very similar 

measurement precision, measurement precision is significantly less because LOFT does not have an 

adaptation point. 

In this section, the correlation, RMSE, and MAE values obtained by averaging from Table 4 and the 

answers to the three sub-research questions mentioned above were sought. In addition, RMSE and MAE 

graphs were drawn and interpreted according to their ability ranges. 
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Results on the First Problem 

With regard to the first sub-research question, it was examined how measurement precision changed in 

different adaptive testing approaches with the shadow test. Findings related to this sub-research question 

are presented in Table 5. 

 

Table 5 

Results by Adaptive Testing Approach Condition 

 

Adaptive Test Type Correlation RMSE MAE 

CAT 0.952 0.316 0.248 

3-Stage O-MST 0.949 0.328 0.257 

2-Stage O-MST 0.946 0.337 0.263 

LOFT 0.928 0.383 0.295 

 

As seen in Table 5, CAT shows better measurement precision (high correlation and low RMSE - MAE) 

than other adaptive tests. In terms of measurement precision, 3-Stage O-MST, 2-Stage O-MST, and 

LOFT come after CAT. In adaptive tests with the shadow test, it can be said that the measurement 

precision increases as the adaptation point increases. Figure 3 presents the RMSE and MAE values on 

the ability scale of different adaptive tests. 

 

Figure 3  

Findings on Measurement Precision According to Different Adaptive Testing Approaches 

 

 
 

As seen in Figure 3, CAT presents better measurement precision than other adaptive testing approaches 

across the all ability scale in terms of both RMSE and MAE values. The 3 Stage3-Stage O-MST and 2-

Stage O-MST approaches also appear to offer slightly worse but still good measurement precision than 

CAT. Although LOFT achieves almost as good measurement precision as other adaptive testing 

approaches around 𝜃 = 0 ability level, its measurement precision decreases considerably towards 

extreme ability levels. Due to LOFT's test assembling at 𝜃 = 0 ability level and the absence of an 

adaptation point, it is seen that the measurement precision of RMSE and MAE values at extreme ability 

levels decreases significantly compared to other adaptive testing approaches. Although there are not 
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many individuals at extreme ability levels compared to the normal distribution, it is thought that the 

measurement precision of LOFT will decrease considerably in skewed or uniform ability distributions. 

 

Results on the Second Problem 

With the second sub-research question, it was examined how the measurement precision changed 

according to the test length of the different adaptive tests with shadow test. Findings related to the second 

sub-research question are presented in Table 6. 

 

Table 6 

Results by Test Length 

 

N Correlation RMSE MAE 

20 0.927 0.390 0.305 

30 0.947 0.333 0.260 

40 0.957 0.299 0.233 

 

According to the correlation, RMSE, and MAE values, it is seen that the measurement precision 

increases as the test length increases. The difference in measurement accuracy between 20 and 30 test 

lengths (∆Cor = 0.020, ∆RMSE = 0.057 and ∆MAE = 0.045) is large, while the measurement precision 

between 30 and 40 test lengths (∆Cor = 0.010, ∆RMSE = 0.034 and ∆MAE = 0.026) less. This indicates 

that the measurement precision of 30 to 40 test lengths is more similar than that of 20 test lengths. Figure 

4 presents the RMSE and MAE values on the ability scale of different test lengths. 

 

Figure 4 

Findings Concerning the Measurement Precision of Test Length by Ability Scale 

 

 
 

As seen in Figure 4, both RMSE and MAE values decrease as the test length increases. In addition, as 

the test length increases, it is seen that the measurement precision at the extreme ability levels decreases 

more than at the middle ability levels. 
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Results on the Third Problem 

With regard to the third sub-research question, it was examined how the measurement precision changed 

according to the ability estimation method of the different adaptive testing approaches with shadow test. 

Findings related to the third sub-research question are presented in Table 7. 

 

Table 7 

Findings by Ability Estimation Method 

 

Ability Estimate Method Correlation RMSE MAE 

EAP 0.946 0.325 0.256 

MLE 0.942 0.357 0.276 

 

As seen in Table 7, the EAP method presents better measurement precision than the MLE method 

according to the correlation, RMSE, and MAE values. In Figure 5, RMSE and MAE values on the ability 

scale of different ability estimation methods are presented. 

 

Figure 5 

Measurement Precision Findings According to Different Ability Estimation Methods in Ability Scale 

 

 
 

As seen in Figure 5, the EAP ability estimation method presents better measurement precision than the 

MLE method in the middle part of the ability scale. On the other hand, it can be said that MLE provides 

better measurement precision at the extremes of the ability scale. In addition, in terms of both RMSE 

and MAE, the graphs of the different adaptive testing approaches of the EAP method have a more 

uniform shape in the ability scale, while the graphs of the MLE method show a more fluctuating increase 

and decrease. 
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Discussion 

Under the shadow test approach, different adaptive tests can be created with the freeze-refresh 

mechanism. With this freeze-refresh mechanism, which was first introduced by van der Linden and Diao 

(2014), adaptive tests such as hybrid-CAT, O-MST, and LOFT can be created since the adaptation points 

of the test can be adjusted. There are many studies in the literature that shadow tests work successfully 

under test specifications and constraints that make it difficult for the test algorithm to overcome (van 

der Linden & Veldkamp, 2004; Choi & Lim, 2022). 

This study aims to compare four different adaptive testing approaches created with shadow test 

according to test length and ability estimation. When the different adaptive test approaches with shadow 

test are examined in terms of measurement precision, it has been concluded that CAT offers the best 

measurement precision. It can be stated that 3-Stage O-MST and 2-Stage O-MST follow the CAT, 

respectively, while LOFT perform worse than other methods in the aspect of measurement precision. 

Although CAT presents better measurement precision than 3-Stage O-MST and 2-Stage O-MST, it can 

be said that the RMSE and BIAS values of these three different adaptive testing approaches are quite 

similar. LOFT, on the other hand, produced worse results than these three approaches because there was 

no adaptation point. 

Choi and van der Linden (2018), in their study on patient-reported outcomes (PRO) measurement, report 

that CAT offers better measurement accuracy than 3-Stage O-MST and LOFT, similar to the results of 

this study. In addition, this study states that CAT and 3-Stage O-MST produce very close results. Van 

der Linden and Diao (2014), in their study comparing different adaptive tests, reported that CAT and O-

MST offer very close measurement precision, while fixed-LT offers worse measurement precision than 

these two adaptive tests. Similarly, Zheng and Chang (2015), in their study comparing CAT, O-MST, 

and fixed-MST, state that CAT and O-MST offer very similar measurement precision. Comparing the 

measurement precision with respect to different points of the ability scale, CAT offers very similarly 

good measurement precision on the 2-Stage O-MST and 3-Stage O-MST ability scales. 

Choi et al. (2016), similar to these findings, in shadow tests, it is stated that reassembling the test at each 

item position and reassembling it at certain item positions will yield nearly equivalent results. On the 

other hand, LOFT offers good measurement precision in the middle part of the ability scale, similar to 

other adaptive tests, while measurement precision decreases sharply at extreme ability levels. The reason 

for the lower measurement precision of the LOFT is the absence of an adaptation point. The results of 

Han and Guo (2014), van der Linden and Diao (2014), and Choi and van der Linden (2018) are similar 

to this finding of the study. 

In this study, it was concluded that measurement precision increased as the test length increased in 

different adaptive test types. There are many studies in the literature that adaptive test length increases 

measurement precision (Weiss, 2004; Özdemir & Gelbal, 2022; Erdem-Kara & Dogan, 2022). Choi and 

Linden (2018), in their study comparing different adaptive tests with shadow test, states that the 12-item 

test length offers better measurement precision than 6 items. Xiao and Bulut (2022), in their study 

examining O-MST, stated that similar to the findings of this study, 60-item length offers better 

measurement precision than 30 items. The two most important arguments of Computerized Adaptive 

testing are to reduce test length and increase measurement precision. Therefore, the test length should 

be short. At the same time, increasing the test length after a certain length will not improve the 

measurement precision at the desired level due to the "law of diminishing efficiency". In addition, due 

to the fatigue of the test taker, it may not reflect the real performance of the test taker. In this study, it 

was concluded that the efficiency of the measurement, which occurs when the test length is increased 

from 20 to 30, does not occur when it is increased from 30 to 40. It is thought that more research is 

needed to determine the optimal test length. 

It has been concluded that the EAP ability estimation method presents better measurement precision 

than the MLE method in different adaptive tests with shadow tests. Sahin and Boztunc-Ozturk (2020), 

in their study on MST, it is seen that EAP performs better than MLE. Similarly, Han (2016) states that 

EAP performs better than MLE. When the results according to the ability scale are examined, it is seen 

in the graphs that while the EAP method presents very good measurement precision in the middle area 
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of the ability scale compared to the MLE in all different adaptive tests, the MLE method presents better 

measurement precision than EAP in extreme ability scale. The findings of Han (2016) and Şahin and 

Boztunç-Öztürk (2020) support this conclusion. On the other hand, it can be stated that while the graphs 

of the ability estimation made with EAP follow a regular path across the all ability scale, the graphs of 

the ability estimation made with MLE follow a fluctuating path. 

Computerized Adaptive Testing and its derivatives have been adopted and used in many large-scale 

applications over the years. MST has an increasing usage area, especially in recent years. In the PISA 

(Programme for International Student Assessment) administration implemented in 2018, one MST 

design was used only in the reading area, out of 3 main areas (Khorramdel et al., 2020). In PISA 2022, 

it is stated that MST design will be used in more than one area (NCES, 2019). In PIRLS, on the other 

hand, an MST design consisting of grouped items in 2021 was used (Mullis and Martin, 2019). TIMSS, 

on the other hand, is prepared to use MST design in both mathematics and science in the 2023 

administration (Lin & Foy, 2021). The MST method used in these large-scale assessments is applications 

where modules and panels consisting of item groups are assembled before the exam administration. Test 

implementations where modules and panels are assembled before the test application are also called 

Fixed-MST (F-MST). In F-MST, the adaptation point is low as the test is assembled only according to 

certain ability levels. Therefore, there are many findings in the literature that the measurement precision 

of MST is lower than that of CAT (Patsula, 1999; Macken-Ruiz, 2008; Wang, 2017). O-MST, on the 

other hand, can be considered as a new approach to assembling the advantages of CAT and MST (Zheng 

and Chang, 2015). As seen in this study, the O-MST approach presents very similar measurement 

precision to CAT, although the number of adaptations is less. In addition, O-MST has advantages such 

as presenting items in groups, including items with common stems and passing, skipping, and returning 

between items, similar to F-MST. In the second and later stages of F-MST, certain ability levels are 

determined as adaptation points (for example, -1, 0, 1). In O-MST, just like in CAT, every point of the 

ability level is an adaptation point. This feature of O-MST provides an advantage over F-MST in terms 

of measurement precision (Han, 2016; van der Linden & Diao, 2014). Given the stated O-MST's 

advantages, O-MST is promising for international large-scale assessments. 

LOFT, on the other hand, presents very similar measurement precision to both CAT and O-MST in the 

middle area of the ability scale. At extreme ability levels, it differs sharply from both CAT and O-MST 

by offering rather poor measurement precision. LOFT can be used for diagnostic assessments or to make 

pass-fail decisions for students with a cut-off point at the midpoint of the ability scale. However, it can 

be said that its use in exams with cut-off points at extreme ability levels or high-stakes exams will have 

disadvantages compared to other adaptive tests. In addition, LOFT creates unique linear test forms for 

each test taker. Therefore, since LOFT does not have any adaptation points, a computer application may 

not be required. The test forms created with LOFT are applied to the students even in the classroom 

environment and can be scored after the implementation. 

Finally, we offer some practical recommendations. It can be pointed out that a 2 or 3-stage O-MST can 

be used instead of CAT with some compromise in measurement accuracy. In this way, the advantages 

of MST can also be utilized. If the scores to be obtained from the test are to be assessed with a cut-off 

score at extreme ability levels, CAT should be preferred. EAP method can be preferred instead of MAP 

as an ability estimation method. In terms of test length, shorter tests had lower measurement accuracy, 

while increasing test length did not linearly increase measurement accuracy. Therefore, it is important 

to determine the optimal test length in adaptive tests by considering the purpose, content, and 

measurement accuracy of the test together. 

 

Limitations and Future Studies 

This research has some limitations. These limitations can guide researchers in future research. In this 

study, the fixed test length rule was used as the termination rule. Studies that examine different 

termination rules can be designed. On the other hand, the MFI method was used as the item selection 

method in all conditions. The study can be reconsidered with different item selection methods. CAT, O-

MST, and LOFT are considered Adaptive Testing Approaches. Hybrid-CAT approaches created by 

mixing CAT and O-MST can be considered (for more information, see. Choi & van der Linden, 2018). 

In this study, the item pool was generated by simulation. Working with real item pools is reproducible. 
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The ability distribution was obtained from the normal distribution. Results can be examined under 

different or skewed distributions. As an ability estimation method, EAP and MLE were compared. 

Comparisons can be made with different ability estimation methods such as MAP and MLEF. 
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